Abstract. Let Y + ns (n) be the open non-cuspidal locus of the modular curve X + ns (n) associated to the normalizer of a non-split Cartan subgroup of level n. As Serre pointed out, an imaginary quadratic field of class number one gives rise to an integral point on Y + ns (n) for suitably chosen n. In this note, we give a genus formula for the modular curves X + ns (n) and we give three new solutions to the class number one problem using the modular curves X + ns (n) for n = 16, 20, 21. These are the only such modular curves of genus ≤ 2 that had not yet been exploited.
Introduction
For a positive integer n, let X(n) denote the compactified modular curve classifying isomorphism classes of elliptic curves with full level n structure. Let H be a subgroup of GL 2 (Z/nZ) such that detH = (Z/nZ) × . Then the corresponding modular curve X H , defined as the quotient X(n)/H, is geometrically connected over Q. In this paper, we consider the special case when H is equal to a non-split Cartan subgroup or the normalizer of a non-split Cartan subgroup of GL 2 (Z/nZ), and we denote the corresponding modular curves by X ns (n) and X + ns (n) respectively. We let Y ns (n) and Y + ns (n) denote the corresponding open non-cuspidal loci.
The modular curve X + ns (n) plays a crucial role in the history of the class number one problem. In 1988, Serre pointed out in [12] that an imaginary quadratic field of class number one gives rise to an integral point on Y + ns (n) for suitably chosen n. He also mentioned that, in fact, the solutions by Heegner [8] and Stark [16] of the class number one problem can be viewed in this way as the determination of the integral points of Y + ns (24). Later, following Serre's approach, Kenku gave a solution in [9] by using X + ns (7) and Chen gave a moduli interpretation of Siegel's proof [14] using X + ns (15) in [4] . The integral points of Y + ns (9) and Y + ns (11) are determined in [1] and [5, 10] respectively, providing two more independent solutions of the class number one problem.
In this approach, it is important to choose the modular curve X + ns (n) with an appropriate genus and number of cusps. These should be small enough to be able to write down an equation for the modular curve and large enough so that Y + ns (n) has only finitely many integral points. For example, for n = 15 and 24 the modular curve X + ns (n) is a genus 1 curve with two cusps while for n = 7 and 9 it is a genus zero curve with three cusps. Therefore, by Siegel's Theorem for these values of n the curves Y + ns (n) have only finitely many integral points. The following is the main result of this paper.
Main result. We find genus formulas for the modular curves X ns (n) and X + ns (n). We determine the integral points on X + ns (n) for n = 16, 20, 21. In this way the integral points of all modular curves X + ns (n) with genus ≤ 2 have been determined. In Section 2 we introduce non-split Cartan subgroups and their normalizers. In Section 3 we study the modular curves associated to these subgroups. In section 4 we discuss a moduli interpretation of the class number one problem. Sections 5 and 7 contain the main result. In Section 7, we give a genus formula for the modular curve X + ns (n) (Theorem 7.3). We calculate in Table A .1 in the appendix the genus and the number of cusps of X + ns (n) for n ≤ 70. In Section 5 we determine equations of the modular curves X + ns (n) and integral points of Y + ns (n) for n = 16, 20 and 21, thus providing three new solutions to the class number one problem. In the same section we also show that in this way the integral points of all curves X + ns (n) of genus ≤ 2 have been determined. Only for n = 13 the curve X + ns (n) has genus 3. See [2] for a discussion of this curve. In Section 7, we also obtain a genus formula for the modular curve X ns (n) (Theorem 7.2).
Non-split Cartan subgroups and their normalizers
Let n be a positive integer. In this section, we introduce non-split Cartan subgroups C ns (n) of GL 2 (Z/nZ) and their normalizers C + ns (n). Let A be a finite free commutative Z/nZ-algebra of rank 2 with unit discriminant. Let p be a prime divisor of n. By Galois theory, the F p -algebra A/pA is either equal to F p × F p or F p 2 . In the first case A is said to be split at p and in the second case A is said to be non-split at p. The multiplicative group A × of A acts on A by multiplication. By choosing a Z/nZ-basis for A, the unit group A × embeds into GL 2 (Z/nZ).
Definition 2.1. A Cartan subgroup of GL 2 (Z/nZ) is a subgroup that arises as the image of such a group A × in this way. If moreover A is non-split at p for every prime p that divides n, then the subgroup is called a non-split Cartan subgroup.
Since the non-split Cartan subgroups of GL 2 (Z/nZ) just depend on the basis that we choose for A, all the non-split Cartan subgroups of GL 2 (Z/nZ) are conjugate, and so are their normalizers. We now construct a non-split Cartan subgroup of GL 2 (Z/nZ). Suppose n has the prime factorization n = p prime p r(p) .
Take a quadratic order R with discriminant prime to n and suppose that every prime p in the factorization of n is inert in R. By Dirichlet's Theorem on primes in arithmetic progressions, there are infinitely many such orders. The algebra A = R/nR is a finite commutative Z/nZ-algebra of rank 2 with unit discriminant. The order R admits a Z-basis of the form {1, α} where α is a zero of the monic irreducible polynomial
. Then A = R/nR admits {1, α} as a Z/nZ-basis. The group (R/nR) × embeds into GL 2 (Z/nZ) through its regular representation and the image is a non-split Cartan subgroup. Notation 2.2. We denote the non-split Cartan subgroup of GL 2 (Z/nZ) defined by the group (R/nR) × by C ns (n).
The orders of the non-split Cartan subgroups of GL 2 (Z/nZ) are all equal to the order of (R/nR) × , which is equal to
Now we describe the normalizer of C ns (n) in GL 2 (Z/nZ). For every prime p that divides n, there exists a unique ring automorphism σ p of R/nR such that
By using the Z/nZ-basis {1, α}, we represent σ p by an element S p of GL 2 (Z/nZ). The ring automorphisms σ p have order 2 and they commute, and so do the matrices S p . We have the following proposition.
Proposition 2.3. The group C + ns (n) is equal to the group C ns (n), S p for p|n .
Proof: Let n = p prime p r(p) . First, we determine the normalizer of C ns (p r(p) ) in
Let k be an element of the normalizer of C ns (p r(p) ). Then, there is a group automorphism
given by t k (z) = kzk −1 for every z ∈ C ns (p r(p) ). Identifying C ns (p r(p) ) with the multiplicative group (Z/p r(p) Z)[α] × , the map t k extends to a ring automorphism of (Z/p r(p) Z) [α] . Since α is a zero of the polynomial X 2 − uX + v, so is t k (α). By Hensel's lemma, t k (α) is either α or u − α. Thus, if t k is not the identity map, it is induced by the ring automorphism
× corresponds to conjugation by S p on C ns (p r(p) ). Thus, for every z ∈ C ns (p r(p) ) we have either
This shows that either k or S p k commutes with C ns (p r(p) ). The group C ns (p r(p) ) is equal to its own centralizer in GL 2 
Therefore, by the Chinese Remainder Theorem, we conclude that
Hence, the proposition follows.
We have a short exact sequence
Let ν be the number of prime divisors of n. The group S p for p|n is isomorphic to (Z/2Z) ν , so the order of the normalizer of a non-split Cartan subgroup is
3. The modular curves associated to C ns (n) and C + ns (n) In this section, we introduce the modular curves associated to the subgroups C ns (n) and C + ns (n) of GL 2 (Z/nZ). Let X(n) denote the compactified modular curve classifying isomorphism classes of elliptic curves with full level n structure. Its non-cuspidal points correspond to isomorphism classes of pairs (E, ϕ) where E is an elliptic curve over C and ϕ : E[n] −→ Z/nZ×Z/nZ is an isomorphism of groups. Here two pairs (E, ϕ) and (E , ϕ ) are isomorphic if there is an isomorphism of elliptic curves f : E −→ E such that the following diagram commutes.
The modular curve X(n) has an action by GL 2 (Z/nZ) which is defined over Q. For an element M ∈ GL 2 (Z/nZ) and an element (E, ϕ) ∈ X(n), we define the action of GL 2 (Z/nZ) on the non-cuspidal points of X(n) as
This action extends uniquely to X(n). Let H be a subgroup of GL 2 (Z/nZ) such that det(H) = (Z/nZ) × . The quotient X H = X(n)/H is a projective nonsingular curve which can be defined over Q. It is isomorphic as a Riemann surface to H * /Γ H where Γ H is the subgroup of SL 2 (Z) whose elements are congruent modulo n to an element in H ∩ SL 2 (Z/nZ) and H * denotes H ∪ P 1 (Q) where H is the complex upper half plane. The non-cuspidal points of X H correspond to isomorphism classes of pairs (E, [ϕ] H ) where E is an elliptic curve over C and [ϕ] H is an H-equivalence class of isomorphism ϕ :
There is a natural morphism X H −→ X(1) given by forgetting the level structure. There are natural finite morphisms φ 1 , φ 2 X ns (n)
By Proposition 2.3, the degree of φ 1 is 2 ν where ν is the number of prime divisors of n and the degree of φ 2 is nϕ(n) 2 ν . Remark 3.2. Note that if H and H are conjugate subgroups of GL 2 (Z/nZ), then X H is isomorphic to X H as a curve over Q. In particular, the modular curves associated to any non-split Cartan subgroup (resp. the normalizer of a non-split Cartan subgroup) of level n are isomorphic to X ns (n) (resp. X + ns (n)) over Q. Remark 3.3. For even n we have natural covering maps
defined over Q. When n ≡ 2 (mod 4), the degrees of the covering maps from X + ns (n) to X(1) and from X + ns (n/2) to X(1) are the same (see section 6). As a result, the curves X + ns (n) and X + ns (n/2) are isomorphic over Q.
A modular interpretation of the class number one problem
In this section, following Serre, we show that an imaginary quadratic field of class number one gives rise to an integral point on a modular curve Y + ns (n) associated to the normalizer of a non-split Cartan subgroup of GL 2 (Z/nZ) for a suitably chosen integer n.
The modular curve X + ns (n) is a projective non-singular curve which can be defined over Q. Hence we can talk about the Q-rational points of X + ns (n) and the Z-integral points of Y + ns (n). The cusps of X + ns (n) are defined over the maximal real subfield of Q(ζ n ) and they are all Q-conjugate [12, p.195] . Here, ζ n is a primitive nth root of unity. Thus, for n = 5 and n ≥ 7 the rational points of X + ns (n) are non-cuspidal. Now, we determine the conditions for a Q-point of Y + ns (n) to be a rational or even an integral point. The Galois group Gal(Q/Q) acts on the Q-points of the modular curve X(n). For σ ∈ Gal(Q/Q) and (E, ϕ) ∈ Y (n)(Q) the action is given by
where the elliptic curve E σ is given by the scalar extension along σ : Q −→ Q and ϕ is a group isomorphism E[n] Z/nZ × Z/nZ. Here, E[n] is the group of n-torsion points of E(Q). If E is defined over Q, then the Galois group Gal(Q/Q) also acts on E[n](Q) and this gives a homomorphism Gal(Q/Q) −→ Aut(E[n]). Identifying Aut(E[n]) with GL 2 (Z/nZ) using the group isomorphism ϕ, we obtain a Galois representation
Let (E, ϕ) be a Q-point on the curve Y + ns (n). It is a C + ns (n)-orbit of a point (E, ϕ) ∈ X(n)(Q). The point (E, ϕ) is rational when its C + ns (n)-orbit is preserved by the action of Gal(Q/Q); that is, when for every σ ∈ Gal(Q/Q) there exists
This equality implies that E is defined over Q such that the image of Gal(Q/Q) under ρ n is in the group C
is integral precisely when j(E) is an integer (see [12, p.195 
]).
Let K be an imaginary quadratic field and O be an order in K. Denote the class group of O by Cl (O) and the class number by h(O). We define the set Ell (O) by
{elliptic curves E/C with endomorphism ring End(E) ∼ = O} isomorphism over C .
For any invertible ideal a in O, the quotient C/a defines an elliptic curve with endomorphism ring End(E) ∼ = O. Then, we have the map
defined as ψ(a) = C/a for a ∈ Cl (O). This map is a bijection [15, chap.2] . Every elliptic curve with complex multiplication can be defined over Q. Up to Q-isomorphism, there are h(O) elliptic curves over Q with complex multiplication by O. Thus, if h(O) = 1 then there is an elliptic curve E/Q, unique up to Q-isomorphism, with complex multiplication by O. Since for every σ ∈ Gal(Q/Q), the curve E σ is also an elliptic curve with complex multiplication by O, we have j(E) ∈ Q. It is well-known that the j-invariant of an elliptic curve over a number field with complex multiplication is an algebraic integer (see [15, ch.2, sec.6]). Hence, if an elliptic curve E has complex multiplication by an imaginary quadratic order of class number one, then j(E) ∈ Z. Proposition 4.1. Let K be an imaginary quadratic field of class number one. Let n be a positive integer such that every prime p that divides n is inert in K. Then any elliptic curve with CM by K gives rise to a unique integral point on Y + ns (n).
Proof: Let K be an imaginary quadratic field of class number one. Let R be its ring of integers. There exists an elliptic curve E over Q, unique up to Q-isomorphism, with complex multiplication by R. Thus, j(E) ∈ Z. Let n be a positive integer such that every prime p that divides n is inert in R. Choose a group isomorphism ϕ : E[n] −→ Z/nZ × Z/nZ. With this isomorphism we identify the group Aut(E[n]) with GL 2 (Z/nZ). It remains to show that the image of the continuous homomorphism
which arises by the action of Gal(Q/Q) on E[n] is inside C + ns (n). The quotient R/nR is a commutative free Z/nZ-algebra of rank 2 with unit discriminant. There is a natural ring homomorphism φ : R −→ End(E[n]) which factors through an injective map φ : R/nR −→ End(E[n]). Identifying Aut(E[n]) with GL 2 (Z/nZ) we see that the image φ ((R/nR) × ) is a non-split Cartan subgroup C + ns (n) of GL 2 (Z/nZ). Now consider the map ρ n . Let G and N denote the image under ρ n of Gal(Q/Q) and Gal(Q/K) respectively. The group G does not commute with the group C ns (n) inside GL 2 (Z/nZ), because the complex multiplication R of the elliptic curve E is not defined over Q. But as it is defined over K, the group N commutes with the group C ns (n) inside GL 2 (Z/nZ). Since the centralizer of C ns (n) inside GL 2 (Z/nZ) is itself, the group N is a subgroup of C ns (n). Hence the image group G is contained in C + ns (n) as promised. Therefore, (E, ϕ) is an integral point on Y + ns (n) and the proposition follows.
In an imaginary quadratic field K with discriminant d and class number 1, all primes less than 1+|d| 4 are inert; see [12, p.190] . Hence, for a fixed n every elliptic curve over Q with CM by K with d ≥ 4p where p is the largest prime dividing n, gives rise to an integral point on Y + ns (n). Remark 4.2. The case p = 3 is special because in GL 2 (F 3 ), the normalizer of a split Cartan subgroup is contained in the normalizer of a non-split Cartan subgroup. Hence, the weaker condition that 3 is unramified in an imaginary quadratic order of class number one is enough to give rise to an integral point on Y + ns (3).
Solutions to the class number one problem
In this section, we give three solutions to the class number one problem following Serre's approach by finding the integral points of the modular curves Y In order to do this, we will make use of certain results which will be proved in the following sections.
As we mentioned in the introduction, in order to be able to solve the class number one problem using Serre's approach, we should choose the modular curve X + ns (n) with an appropriate genus and number of cusps. In the following two sections we derive a genus formula g + (n), for a positive integer n such that n ≡ 2 (mod 4). See Theorem 7.3. By Corollary 7.4, we see that g + (n) > 3 when n > 70 and n ≡ 2 (mod 4). We compute the genus of this modular curve for n ≤ 70 (see Table A .1 in the appendix). By Remark 3.3, when n ≡ 2 (mod 4), the modular curves X + ns (n) and X + ns (n/2) are isomorphic over Q. Thus, we get that the modular curves X ) respectively. Consider X(1) as H * /SL 2 (Z). Identify ρ = e 2πi/3 , i and ∞ ∈ H * with their images in X(1). The natural covering map from X + ns (4) to X(1) is a degree 4 map. By Proposition 7.10 we see that this map branches above the points ρ, i, ∞ as follows: two points ρ 1 and ρ 2 above ρ ∈ X(1) with ramification indices 1 and 3 respectively, three points above i ∈ X(1) with ramification indices 1, 1, 2 and one point over ∞ ∈ X(1) with ramification index 4. We choose a uniformizer t for X + ns (4) over Q such that t(∞) = ∞, t(ρ 1 ) = 1 and t(ρ 2 ) = 0. Thus, we obtain the equation j = ct 3 (t − 1) for X + ns (4). Here j, the usual j-function, is a uniformizer for X(1) over Q and c is some constant. Since there are three points above i ∈ X(1) with ramification indices 1, 1, 2, we see that the polynomial cT 
Here j is as above and v is a uniformizer for X + ns (5) over Q. We combine equations (5.
In the end, we obtain the following affine equation for X + ns (20),
We find the rational points of this curve using the elliptic curve Chabauty method as implemented in MAGMA [3] . Its rational points are the two points at infinity and the points (0, ±2), (−2, 0), (−3/4, ±25/32). Using equations (3.1) or (3.2) we calculate the j-invariants of the corresponding elliptic curves. We determine the discriminants d of the corresponding imaginary quadratic orders R d of class number one by using the table in [12, p. 192] . See Table 5 .1. We recover all imaginary quadratic orders of class number one with discriminant d in which 2 and 5 are inert. 
Again using the elliptic curve Chabauty method as implemented in MAGMA [3] , we find that the point at infinity and the points (0, 0), (1, ±2), (−1, ±2), (1/2, ±7/8), (2, ±7) are the only rational points of this curve. Using the relations given in [8] we calculate the j-invariants of the corresponding elliptic curves. Table 5 .2 shows these data with the corresponding imaginary quadratic orders of class number one with discriminant d. In these fields 2 is inert. (16) . We compute that the quadratic subfield of Q(E [16] ) that is the invariant field of the nonsplit Cartan subgroup of index 2 is the field generated by the square root of the discriminant of E. It is Q( √ −3 · 881). Half of the primes p, more precisely, the ones that are inert in Q( √ −3.881), satisfy a p ≡ 0 (mod 16). This reflects the fact that the Galois group acts on E [16] through the normalizer of a non-split Cartan subgroup. In some sense, this elliptic curve behaves as if it admits complex multiplication modulo 16.
An equation of the modular curve X + ns (7) is given in [7, 9] as
Here j, the usual j-function, is a uniformizer for X(1) and u is a uniformizer for X + ns (7) over Q. It is well-known that the equation of X + ns (3) is j = w 3 (see [1] ) where w is a uniformizer for X 21] ) that is fixed by the non-split Cartan group of level 3 is Q( √ −2 · 631). For E 2 these subfields are equal to Q( √ −2 · 2377) and Q( √ −5 · 2377) respectively.
Coset Representatives in SL 2 (Z)
We denote the intersection of C ns (n) and C + ns (n) with the group SL 2 (Z/nZ) by C ns (n), C + ns (n) respectively. Let Γ ns (n), Γ + ns (n) denote the subgroups of SL 2 (Z) whose elements are congruent modulo n to an element in C ns (n), C + ns (n) respectively. In this section, we find coset representatives of Γ ns (n) and Γ + ns (n) in SL 2 (Z). In order to do this we use the following remark and determine coset representatives of C ns (n) and C + ns (n) in SL 2 (Z/nZ).
Remark 6.1. The reduction modulo n map induces a bijection between the set of Γ ns (n) (resp. Γ + ns (n))-cosets in SL 2 (Z) and the set of C ns (n) (resp. C + ns (n))-cosets in SL 2 (Z/nZ).
Consider Notation 2.2 and recall that {1, α} is a Z-basis that we chose for the order R = Z[α] where α is a zero of the irreducible monic polynomial
. We identify the group C ns (n) with the group 
× with N (y a ) = a. We define the set
Proposition 6.2. The matrices which represent the linear maps that transform the basis {1, α} as
where x ∈ Z/nZ and y ∈ Y(n), are coset representatives of C ns (n) in SL 2 (Z/nZ).
Proof:
We have the equality
and the order of C ns (n) is given in (2.1). Thus the number of cosets of
Here ϕ is Euler's ϕ-function. The cardinality of Y(n) is ϕ(n). By the identification that we made above for C ns (n), the maps in the proposition represent nϕ(n) different cosets. Indeed, suppose
where x, x ∈ Z/nZ and y, y ∈ Y(n) are in the same coset. Then, N (y) = N (y ). Since y and y are in Y(n), this implies that y = y and so x = x . Hence, the proposition follows.
By Remark 6.1 the matrices in Proposition 6.2 lift to matrices in SL 2 (Z) that are coset representatives for the group Γ ns (n) in SL 2 (Z). Next, we determine coset representatives for the group Γ + ns (n) in SL 2 (Z). For computational purposes it is enough to do this when n is a prime power, say p r . We identify the group C + ns (p r ) with the group
where M y is the multiplication by y map and N is the norm map on (
Proposition 6.3. The matrices which represent the linear maps that transform the basis {1, α} as
where x ∈ Z/p r Z and y ∈ Y ± (p r ), are coset representatives of C + ns (p r ) in the group SL 2 (Z/p r Z).
Proof: Since we have the equality
and we know the order of C + ns (p r ) by (2.3), the number of cosets of C
is equal to
. As we mentioned above, the matrices in C + ns (p r ) either represent the linear maps that transform the basis {1, α} as,
× such that N (y) = 1 or they represent the linear maps that transform the basis {1, α} as, 
where x, x ∈ Z/p r Z and y, y ∈ Y ± (p r ) are in the same coset. Then, N (y) = ±N (y ). Since y and y are in Y ± (p r ), this implies that y = y and so x = x . Hence, the proposition follows.
By Remark 6.1 the matrices in Proposition 6.3 lift to matrices in SL 2 (Z) that are coset representatives for the group Γ + ns (p r ) in SL 2 (Z).
7. The genera of the modular curves X ns (n) and X + ns (n) In this section, our aim is to prove Theorems 7.2 and 7.3. Definition 7.1. For any positive integer n, we define the functions β 2 and β 3 as follows,
for every prime p that divides n; 0 if not,
for every prime p that divides n; 0 if not.
Theorem 7.2. Let n be a positive integer and ν be the number of its distinct prime divisors. The genus of the modular curve X ns (n) associated to a non-split Cartan subgroup of level n is given by
Theorem 7.3. Let n be a positive integer such that n ≡ 2 (mod 4) and let ν be the number of its distinct prime divisors. The genus of the modular curve X + ns (n) associated to the normalizer of a non-split Cartan subgroup of level n is given by
Here p r denotes the exact power of p dividing n.
For large n both g(n) and g + (n) are O(n 2 ). In the other direction, both n 2 /g(n) and n 2 /g + (n) are O(n ) for all > 0. We prove the following lower bound for g + (n). It is sufficient for our purposes (see section 5).
Proof: This is [13, Prop.1.37].
Remark 7.6. If z ∈ H * is an elliptic point of H * /SL 2 (Z), then the stabilizer SL 2 (Z) z is of order 4 or 6. The order of an elliptic point z ∈ H * /SL 2 (Z) is half the order of SL 2 (Z) z . The elliptic point of H * /SL 2 (Z) of order 2 (resp. 3) is the point i (resp. ρ = e 2πi/3 ). Proposition 7.5. tells us that, if z is an elliptic point of H * /SL 2 (Z) of order 2 (resp. 3), the ramification index of f at q is either 2 or 1 (resp. 3 or 1). The elliptic points of H * /Γ of order 2 (resp. 3) are the points in f −1 (i) (resp. f −1 (ρ)) with ramification index 1.
Now, we return to our situation. In our case, both Γ ns (n) and Γ + ns (n) contain ±1. In Section 6, we saw that µ for Γ ns (n) is nϕ(n) while for Γ
where ν is the number of prime divisors of n. Thus, in order to find g(Γ ns (n)) and g(Γ + ns (n)), we determine the numbers of elliptic points of order 2, 3 and the numbers of cusps of the modular curves X ns (n) and X + ns (n). By considering X ns (n) and X + ns (n) as moduli spaces, we see that for both curves e 2 , e 3 , e ∞ are multiplicative functions of n. For that reason, we determine them for X ns (p r ) and X ns (p r ) for any prime power p r in Proposition 7.10. Then, Theorems 7.2 and 7.3 follow from this proposition. Now we prove three lemmas which we will use in the proof of Proposition 7.10. Recall that {1, α} is the Z-basis that we chose for a quadratic order R = Z[α] which defines non-split Cartan subgroup in Notation 2.2.
Lemma 7.7. For a prime power p r , the system of equations
× with N (k) = 1 is solvable if and only if p ≡ 2 (mod 3). If it is solvable then it has precisely two solutions.
Proof: Suppose x, y and k satisfy the system of equations in the lemma. The first equation says that
Since the coefficient of α is a unit, we see that k is not contained in the subgroup (Z/p r Z)
× and likewise for k (mod p s ) for any 1 ≤ s < r. Replacing y(α + x) with y −1 k in the second equation, we obtain
which implies that
Thus k
The norm map
is an isomorphism. Therefore, to prove the lemma, we count the number of x ∈ Z/p r Z and v −1 ∈ (Z/p r Z) × / ± 1 such that the equality
We have to find how many such h's exist. The norm map
× is surjective and its kernel has order we must exclude the elements whose α-coefficients are divisible by p. We count how many such elements exist with norm −1. Define the homomorphism
where N is the norm map and Ψ is the composition of reduction mod p and the projection map. Thus, the elements that we should exclude are the elements of the set
The image of the map Θ is the set
The cardinality of B is 3 ϕ(2 r ) when p = 2 and ϕ(p r )(p + 1)/2 when p is an odd prime. Thus the order of the kernel of Θ is 2 r−2 when p = 2 and p r−1 otherwise. Therefore, if p = 2 then # Θ −1 ((−1, 1)) is equal to the order of the kernel of Θ, which is equal to 2 r−2 . 
Therefore, the number e 3 for X ns (p r ) is equal to the number of different coset representatives σ ∈ SL 2 (Z)/Γ ns (p r ) for which the equality
holds for some γ ∈ Γ ns (p r ). View the matrices σ, γ and 0 −1 1 −1 as linear maps. As we mentioned in Section 6, the linear map γ modulo p r is M k which is the multiplication map by an element k of (Z/p r Z) [α] × with N (k) = 1. By Proposition 6.2 we can view the coset representative matrix σ ∈ SL 2 (Z)/Γ ns (p r ) modulo p r as a linear map which transforms the basis {1, α} as,
for some x ∈ Z/p r Z and y ∈ Y(p r ) (see (6.1)). Hence, by considering how the linear maps in the equality (7.8) transform the basis {1, α}, we get the system of equations
for some x ∈ Z/p r Z, y ∈ Y(p r ), and k ∈ (Z/p r Z) [α] × with N (k) = 1. Thus, to calculate e 3 for X ns (p r ), we should know for how many (x, y)'s there exists a k so that this system of equations holds. Lemma 7.7 gives us this number. Hence, e 3 for X ns (p r ) is e 3 (p r ) = 2 if p ≡ 2 (mod 3); 0 otherwise.
Since the covering map from X ns (p r ) to X + ns (p r ) has degree 2 and is unramified over these points, we obtain that e 3 for X + ns (p r ) is just half of this.
Finally, we determine the number e 2 of elliptic points of order 2 of the curve X In order to determine the number e 2 for the curve X ns (p r ) we do calculations similar to the ones we did to calculate e 2 for X + ns (p r ). Lemma 7.8 gives the number of pairs (x, y) with x ∈ Z/p r Z and y ∈ Y(p r ) for which there exists k ∈ (Z/p r Z) [α] × with N (k) = 1 such that the system of equations (7.9) holds. Therefore, e 2 for X ns (p r ) is e 2 (p r ) = 2 if p ≡ 3 (mod 4); 0 otherwise.
Hence, we proved the proposition. 
